Localised surface plasmons can couple strongly with the electronic transitions of a molecule, inducing new hybridised states of light and matter, the plasmon-exciton polaritons. Furthermore, molecules support vibrational degrees of freedom that interact with the electronic levels, giving rise to inelastic resonant Raman scattering under coherent laser illumination. Here we show the influence of strong plasmon-exciton coupling on resonant Raman processes that populate the vibrational states of the molecule and that lead to the characteristic surface-enhanced Raman scattering spectra. We develop analytical expressions that give insight into these processes for the case of moderate illumination intensity, weak electron-vibration coupling and no dephasing. These expressions help us to elucidate the twofold role of plasmon-exciton polaritons to pump the system efficiently and to enhance the Raman emission. Our results show a close analogy with the optomechanical process described for off-resonant Raman scattering but with a difference in the resonant reservoir. We also use full numerical calculations to study the effects reaching beyond these approximations and discuss the interplay between the fluorescence background and the Raman lines. Our results allow for better understanding and exploitation of the strong coupling regime in vibrational pumping and in the surface-enhanced resonant Raman scattering signal.
Introduction
Metallic nanoparticles support plasmonic modes at optical frequencies than can confine the electromagnetic energy to effective volumes [1] [2] [3] [4] [5] [6] even below ≈10-1000 nm 3 and thus give rise to efficient coupling of the particle plasmons with excitations in nearby molecules (e.g. molecular excitons). This efficient interaction has found, among others, a prominent application in surface-enhanced Raman scattering (SERS) [7] [8] [9] [10] [11] [12] , where the inelastic Raman signal containing the vibrational signature of the molecule is enhanced.
The dynamics of the SERS process has been recently described in a cavity Quantum Electrodynamics (QED) framework [5, [13] [14] [15] [16] [17] [18] . In particular, it has been shown that in off-resonance SERS, where the electronic transitions of the molecules are strongly detuned with respect to the exciting laser, the underlying physics can be understood as a molecular optomechanical process [5, 14, [16] [17] [18] [19] [20] [21] , in which the vibration of the molecules and the plasmonic resonance replace the macroscopic mechanical vibrations and the optical mode in conventional optomechanics [22] , respectively. This QED-based theory has described regimes of nonlinear SERS with the use of a single incident laser and has naturally addressed the effect of optomechanical vibrational pumping [23] [24] [25] [26] [27] , a process where enhancement of the Stokes-Raman emission leads to population of the vibrational mode of the molecule.
On the other hand, in surface-enhanced resonant Raman scattering (SERRS), an electronic transition close to the energy of the exciting laser considerably affects the Raman process and gives rise to complex nonlinear phenomena [28] . In this case, it is possible to describe the light-matter interaction by a similar Hamiltonian as the one used in hybrid optomechanics [13, 29, 30] , where a two-level excitation is included in the system, leading to a nonlinear behaviour of the response.
The system is said to be in weak-coupling regime (or in the bad-cavity limit), when the interaction strength, g, between the plasmon and the electronic transition remains small in comparison with the plasmonic losses, γ a (assuming negligible molecular losses and pure dephasing), i.e. g  γ a /2. Under such conditions, the electronic transition in the molecule and the plasmon can be considered as well-defined excitations that interact weakly. We have addressed this situation in our previous work [28] , where we also compare the model describing resonant Raman with the off-resonant Raman model.
On the other hand, if the coupling between the plasmon and the molecular electronic states is sufficiently large to overcome the plasmonic losses, i.e. g  γ a /2, the system reaches the regime of strong coupling and the electronic transition hybridises with the plasmon. Large enough values of g to achieve strong coupling are nowadays typically achieved by coupling plasmonic nanostructures with either J-aggregates [31] [32] [33] [34] [35] [36] [37] [38] [39] , large complex dyes characterised by large dipole moments, or with a large number of small molecules forming a collective bright mode of larger effective coupling strength [40] [41] [42] [43] [44] . However, recently, it has become possible to achieve strong coupling in plasmonic systems even with a single small molecule or quantum dot [37, 42, 43, [45] [46] [47] , opening new possibilities for fundamental studies of hybrid light-matter quantum states. The regime of strong coupling between a single two-level electronic transition and a plasmonic mode is characterised by a structure of energy levels forming the so-called Jaynes-Cummings (J-C) ladder, which leads to complicated patterns of inelastic resonance-fluorescence light emission [48, 49] .
In this work, we present a theoretical study of vibrational pumping and Raman scattering in resonant SERS systems [50] in the framework of cavity QED, focusing on the regime of strong coupling between the single molecule and a plasmonic mode. After a brief introduction to the regime of strong coupling, we describe the resonant SERS Hamiltonian and develop a simplified, but intuitive, analytical approach that allows for understanding the physical mechanism of vibrational pumping and vibrational Raman scattering. Specifically, we assume a scenario where the illuminating laser is not too strong, the pure dephasing processes that broaden the electronic transitions are not considered, and the coupling between electronic and vibrational levels of the molecule is sufficiently weak so that the zero-phonon line dominates the fluorescence spectrum. In the second part of the article, we numerically solve the system's dynamics without simplifications to show successively how large electronicvibrational coupling, pure dephasing, and intense laser illumination, effects that might be important in real experiments, affect the response of the system.
Plasmon-exciton strong coupling
Before discussing the SERS process, we briefly summarise the properties of a plasmonic system strongly coupled with an electronic transition. The system under consideration is sketched in Figure 1A , where a plasmonic structure resonant at energy ℏω pl interacts with a molecule, described as a two-level system (TLS) of excitation energy ℏω eg . This system can be described within the rotating wave approximation by the J-C Hamiltonian, and we thus refer in the following to the J-C system when discussing the coupling of the TLS and the plasmon in the absence of any vibration. The J-C Hamiltonian driven by a laser of frequency ω L can be written as follows:
with a(a † ), the annihilation (creation) bosonic operators associated to the plasmon; and σ(σ † ), the TLS lowering (raising) operators. Here g is the plasmon-molecule coupling strength, and the pumping by the laser is introduced via the parameter ℰ, proportional to the amplitude of the electric field of the driving laser and to the transition dipole moment of the molecule. We further assume that both g and ℰ are real. The explicit time dependence appearing in the pumping term is transformed out of the Hamiltonian by working in the standard interaction picture where the new Hamiltonian is obtained from the unitary transformation H′ = UHU † + iℏU † , with U = exp(iH NI t), and H NI = ℏω L (a † a + σ † σ) is the noninteracting part of the Hamiltonian. In this picture, the explicit time dependence of the Hamiltonian drops out, the plasmon frequency is replaced by ω pl →Δ = ω pl - ω L , and the molecule TLS frequency transforms analogously as ω eg → δ = ω eg - ω L . For simplicity, throughout the article, we consider that the frequency of the molecular transition is exactly tuned to the plasmon frequency ω pl = ω eg (Δ = δ). Losses are added by using the master equations for the time evolution of the density matrix, ρ, and introducing Lindblad terms for the TLS, L σ (ρ), and the plasmon,
with γ σ and γ a , the corresponding loss rates of the exciton and plasmon, respectively, and {·,·}, the anticommutator. We neglect the effect of finite temperature (we consider T = 0 K). The possibility of pure dephasing, leading to decoherence of the TLS without directly involving decay from the excited to the ground state, is considered in a later section.
To understand the behaviour of the system, we first briefly consider that the plasmon excitation is switched off. In this case, the system can be represented in the basis of states |N, g(e)⟩ = | N⟩ ⊗ | g(e)⟩ (with ⊗ the direct product), combining the plasmon number states |N⟩ and the electronic ground (excited) state |g(e)⟩ of the molecule. For ω eg = ω pl and negligible interaction g, the states |N - 1, e⟩ and |N, g⟩ are degenerate, and their energies form an equally spaced ladder (at the left of the scheme in Figure 1B ). When g overcomes the system losses, the system enters the strong coupling regime where the degeneracy is lifted, resulting in a new set of hybrid polaritonic states |N, +⟩ and | [ | , (| 1, e | , g ) 2 ,
These states form a set of structured levels called the J-C ladder, which is sketched in Figure 1B to the right of the uncoupled |N, g(e)⟩ levels. The energy splitting between these two states, ΔE J−C (N), is proportional to the square root of the number of plasmonic excitations present in the system and to the coupling constant g via J C ( ) 2 . E N N g ∆ − =  For this general discussion, we ignore that the losses can modify the exact splitting and coherent mixing of the bare states. For weak illumination, N  1, most transitions occur between the ground state and the so-called single-excitation manifold containing the states |1, ±⟩ (blue frame in Figure 1B ), so that the absorption peaks appear at ≈ω pl ± g.
To illustrate this behaviour, we first consider that the system is pumped by a laser at frequency ω L in (1) and probed by a perturbative laser with frequency ω [note that the probe is not explicitly present in the Hamiltonian of (1)]. The system is strongly coupled with the parameters ℏg = 100 meV and ℏγ a = 150 meV. We calculate the the strong-coupling conditions. The blue frame marks the single-excitation manifold determining the system response under weak-illumination conditions. (C) Absorption spectrum of a weakly perturbing probe for pumping amplitude ħℰ = 1 meV. The pump laser frequency is fixed to ω L = ω pl (Δ = 0), and we change the frequency of the probe laser. (D) Emission spectrum of the J-C system for zero detuning of the laser ω L = ω pl (Δ = 0) and pumping amplitude ħℰ = 1 meV. The plasmon-molecule interaction considered for the calculations corresponds to the strong-coupling regime and is described within the J-C model for the following values of the parameters: ħγ σ = 2 × 10 −5 eV, ħγ a = 150 meV, ħg = 100 meV, ħω pl = ħω eg = ħω L = 2 eV. absorption 1 as the Fourier transform of the two-time correlation function:
where [·,·] denotes the commutator, and ⟨ · ⟩ SS is the steadystate mean value, which can be evaluated with help of the quantum regression theorem [51] .
In Figure 1C , we plot s A (ω) for a pumping amplitude ℏℰ = 1 meV that weakly populates the system. The results in Figure 1C are in good agreement with the expectation foreseen from the structure of the J-C ladder. The absorption spectrum consists of two absorption peaks separated by ≈200 meV ≈ 2ℏg emerging from the transitions |0, g ⟩ → | 1, ±⟩, in accordance with our discussion of the hybrid polaritonic states.
To facilitate the understanding of the following sections, we also briefly introduce the emission of the pumped J-C model. In this case, we excite the system with a monochromatic laser and study the emitted spectra given by the onesided Fourier transform of the two-time correlation function: 
We plot in Figure 1D the inelastic emission spectra (for clarity, we always subtract the elastic component) of the J-C system for a pumping amplitude ℏℰ = 1 meV and for ℏω L = ℏω pl = ℏω eg = 2 eV. The emission spectrum yields a double-peak structure originated from the incoherent decay of the polaritonic states to the ground state (|1, ±⟩ → | 0, g⟩). Last, we emphasise that here we focus on the weak illumination regime, in which the laser moderately populates the polaritonic states (N  1). For intense laser illumination, the optical absorption and light emission from a strongly coupled J-C system are nontrivial, as described in detail elsewhere [48, 52] . We briefly discuss this regime of strong illumination in a separate section at the end of this work.
Quantum description of SERRS in strong coupling
We model the plasmon-enhanced vibrational Raman processes as sketched in Figure 2A . We consider a single vibrational mode of the molecule that, in the harmonic approximation, is described as a bosonic excitation of angular frequency ω m , with b (b † ) its annihilation (creation) operators. The Hamiltonian of the uncoupled vibrations is
This vibrational mode interacts with the electronic TLS of the molecule via a polaronic coupling characterised The spectra in (B) are calculated using the parameters for the J-C model as in Figure 1 and the following values for the vibrations: ħγ b = 2 meV, ħω m = 50 meV, and 0.1. S = by a dimensionless displacement = d S (S is also known as the Huang-Rhys factor) [50, [53] [54] [55] :
The total Hamiltonian thus becomes
with H J−C given by (1) . As before, we consider that the plasmon resonance is tuned to the electronic transition of the molecule, ω pl = ω eg . Furthermore, besides the losses of the plasmon and the TLS described in the previous section, we incorporate decay processes of the vibrational states via the Lindblad term
To illustrate the resonant Raman spectra, we show in Figure 2B the inelastic emission spectra [following (5)] calculated within this full model (black lines) and also for the J-C model neglecting vibrations [(1), red dashed line]. The spectra are plotted for two different strengths of the laser, corresponding to moderate pumping (ℏℰ = 1 meV) and to excitation near the continuous-laser damage threshold of the sample (ℏℰ = 10 meV) [5] . In the absence of vibrations, we obtain in both cases the double peak structure that is characteristic of the J-C Hamiltonian before high population states are significantly excited ( Figure 1C , D). The main effect of including the vibrations is the emergence of the Stokes line at energy ℏω L -ℏω m , on top of the J-C (background) spectrum. We also find an anti-Stokes peak at ℏω L + ℏω m , which is much weaker than the Stokes line, as expected for typical vibration populations ⟨b † b⟩  1. A second-order Stokes peak can be also observed at ℏω L - 2ℏω m for ℏℰ = 1 meV. Further, for ℏℰ = 10 meV, as compared to the ℏℰ = 1 meV case, the background shows qualitatively similar features, but it is four orders of magnitude stronger, i.e. grows as ∝| ℰ | 4 . On the other hand, the maximum of the SERS Stokes line grows approximately linearly with the laser intensity ∝| ℰ | 2 as long as the incoherent vibrational population is small. This different scaling with laser intensity decreases the spectral contrast of the Raman signal for the stronger laser, although we observe that for the parameters considered here the main Stokes line clearly dominate the spectrum. We address the strong-intensity effects that go beyond the simple intensity scaling law at the end of the paper.
Analytical model
To provide insight into the scattering of light by a molecule, we develop an analytical model describing the Raman process for a relatively simple scenario. We first consider that the electron-phonon coupling, described by the displacement value = , d S is in the low range of possible values, as obtained for rigid molecules [56, 57] (d ~ 10 −1 ). We further assume that the laser illumination is not too intense so that the linear response approximation is justified and that the Two-level system is not affected by pure dephasing processes.
The condition of weak electron-vibration coupling, considering that the time scale of the electron-vibration interaction is larger than that of the typically dominant relaxation processes, can be roughly estimated as ω m d < γ a /2, g. This assumption allows us to separate the full system according to the hierarchy of time scales: on the one hand, the fast-decaying and decohering reservoir part, which consists of the TLS strongly coupled with the plasmon, and on the other hand, the slowly varying part of the system represented by the vibrational mode [51] . This separation of time scales allows for using the Markov approximation and obtaining the effective vibrational dynamics under the influence of the reservoir. The derivation is discussed further in the Supplementary Information and yields the following set of equations: † m m S
where Γ + and Γ − are, respectively, the effective incoherent pumping and damping rates due to the reservoir. These rates are related to the steady-state reservoir spectral function
as follows:
with the following notation
In the scheme considered above, the reservoir operators are obtained from the dynamics of the J-C system decoupled from the vibrations. The steady-state population and coherence follow directly from (9) and (10):
As we have assumed that the pure dephasing of the TLS is negligible, we can write ⟨σ † σ⟩ SS ≈ | ⟨σ⟩ SS | 2 . Next, we decompose the lowering operator of the TLS into its steadystate value ⟨σ⟩ SS and the fluctuating part with zero mean δσ, as σ = ⟨σ⟩ SS + δσ, and thus we can approximate the population operator as σ † σ ≈ | ⟨σ⟩ SS | 2 + ⟨σ⟩ SS δσ † + ⟨σ † ⟩ SS δσ.
We then transform the dependency of the spectral function J (s) from the correlation function of the full operator ⟨⟨σ † σ(τ)σ † σ(0)⟩⟩ to a simpler dependence with the correlation function ⟨⟨δσ(τ)δσ † (0)⟩⟩ = ⟨⟨σ(τ)σ † (0)⟩⟩: 
Equation (15) thus can be factorised into two contributions: (i) the coherent population of the TLS, |⟨σ⟩ SS | 2 , which in the limit of low illumination intensity is given by the following expression: 
with α ∆ γ
and (ii) the absorption spectrum of the TLS (that contains the coupling of the TLS with the plasmon), J 0 (s). An approximate version of the latter can be obtained analytically using the quantum regression theorem and considering the low pumping regime. The details of this derivation are given in the Supplementary Information, and the final result appears as the last expression in (15) .
In the strong coupling regime, J 0 (s) contains two peaks (i.e. maxima) approximately located at frequencies (12) , proportional to J (s), can then be interpreted as being the consequence of a two-step process. First, |⟨σ⟩ SS | 2 indicates that the pumping laser of frequency ω L induces coherent population of the molecular excited state, which triggers the Raman process and thus increases Γ − and Γ + . In a second stage, the Stokes and anti-Stokes excitations appearing at frequencies ω L ± ω m are absorbed and partially emitted to the far field via the resonance of the J-C system, given by J 0 (s) [the emission at the Raman frequencies corresponds to J 0 ( ± ω m )]. The enhancement of the Stokes scattering at frequency ω L -ω m leads to the enhancement of the vibrational pumping Γ + (a vibrational quantum is created with each emitted Stokes photon), while the anti-Stokes emission at frequency ω L + ω m contributes to the vibrational damping Γ − . A similar interpretation has also been shown to be valid for off-resonant SERS [17, 18, 58, 59] . Figure 3 demonstrates the validity of this description. We show in Figure 3A and B two-dimensional D colourmap plots of the incoherent part of the vibrational population, ⟨⟨b † b⟩⟩ SS = ⟨b † b⟩ SS - | ⟨b⟩ SS | 2 , as a function of the vibrational frequency ω m and of the detuning Δ of the laser from the plasmon frequency. We display the incoherent part of the population as the coherent part |⟨b⟩ SS | 2 represents a constant static displacement of the vibration due to the coherent laser pumping.
The approximate ( Figure 3A ) and exact ( Figure 3B ) results are very similar, both exhibiting a clear population maximum for a detuning ℏΔ ≈ -100 meV and a frequency of the vibrational mode ℏω m ≈ 180 meV. This maximum can be understood as a consequence of the two-step process described above. Pumping, |⟨σ⟩ SS | 2 , is optimised when the incident laser excites the absorption peaks near the resonant condition ω L ≈ ω pl ± g (ω L ≈ ω pl ± g marked by the vertical green line). On the other hand, the Raman-Stokes process, leading to vibrational pumping, is maximised when the Stokes-Raman line coincides with one of the J-C absorption peaks (red lines, marking the condition ω L - ω m ≈ ω pl - g). Figure 3A and B show that the strongest incoherent vibrational population is indeed achieved when both conditions are fulfilled (region near the intersection of the green and the red line). We remark that for the regime under consideration, ℏℰ = 1 meV and temperature T ≈ 0 K, the enhancement of the anti-Stokes lines does not significantly influence the incoherent vibrational population.
Although the incoherent vibrational populations provide important information about the system dynamics, the quantity typically accessible in experiments is the inelastic Raman emission spectrum [given by (5) ]. Using the separation of the system's dynamics into the slow vibration and the fast J-C reservoir, we can isolate the Raman contribution to the scattering spectrum from the fluorescence background (as discussed in Supplementary Information). By doing this, the resulting expressions for the Stokes (s e,S ) and anti-Stokes (s e,aS ) emission lines are as follows: 
where |⟨σ⟩ SS | 2 is given by (16) , and |A | 2 is the reservoir spectral function that describes the enhancement of the emission of the Raman photons into the far field due to the presence of the J-C system (we assume that the emission from the molecule via the plasmon is much stronger than its direct far-field emission): 
This function is double peaked, and for the conditions considered in this article, the peak positions, 
with γ vdp = γ b + Γ − -Γ + . The emitted signal (17 and 18) is thus proportional to the efficiency of the excitation of the system, ∝| ⟨σ⟩ SS | 2 , and to the emission enhancement due to the coupled TLS plasmon, |A(s) | 2 . Furthermore, the anti-Stokes and Stokes lines are proportional to the incoherent population of the vibrations ⟨⟨b † b⟩⟩ SS and to 1 + ⟨⟨b † b⟩⟩ SS [60] , respectively, where ⟨⟨b † b⟩⟩ SS itself is enhanced by the effect of the reservoir on the excitation and emission process (11) (12) (13) (14) (15) . The line width of the Raman peaks is finally given by the interplay between the damping rates, γ b together with Γ − , both broadening the peak, and the pumping rate Γ + that narrows the peak. These properties again mirror the behaviour that has been discussed for off-resonant Raman [16] [17] [18] , except for the existence of a more complex reservoir. Figure 3C and D illustrate the behaviour of the resulting Raman emission for a vibrational mode of energy ℏω m = 50 meV and = =0.1. d S We first show in Figure 3C the emission spectra obtained from the numerical solution of the full system [Hamiltonian in (8) and corresponding loss terms], as a function of the detuning Δ of the laser from the plasmon frequency. The inelastic emission can be split into two components, the emission resulting from the resonance fluorescence of the J-C system and the Raman emission yielding the vibrational lines. The former is present in the emission spectra of Figure 3C as a broad background symmetrical around the zero detuning ℏΔ = 0 meV, in agreement with previous studies [28, 48] . The strong Raman-Stokes line is also clearly distinguished on top of the background at ω L - ω m , accompanied by a second-order Stokes transition line (not described by the analytical model that accounts only for the first-order transition) at ω L - 2ω m and a very weak anti-Stokes line at ω L + ω m .
To better analyse the Δ dependence of the Raman signal and further test the validity of our model, we focus in Figure 3D on the maximum of the Stokes line, which we plot as a function of the laser detuning Δ as calculated from the full numerical model (black dots) and as given by the analytical expression in (17) (red line). The agreement between the two is excellent. We observe a double-peaked structure that is, however, not symmetric with respect to Δ = 0, but with the central minimum bluedetuned by 25 meV. This blue detuning can be understood as the result of having to optimise the product of the enhancement at the excitation ω L and emission ω L - ω m frequencies, as given by |⟨σ⟩ SS | 2 and |A(s) | 2 , respectively (assuming that the incoherent vibrational population remains small ⟨⟨b † b⟩⟩ SS  1). The individual contributions of |⟨σ⟩ SS | 2 and |A(s) | 2 are shown in Figure S1 of the Supplementary Information.
Effect of strong electronvibration coupling
We now consider scenarios that go beyond the assumptions of the previous section. Up to now, we have assumed that the coupling between the molecular vibrational and electronic states, characterised by the dimensionless displacement d (the Huang-Rhys parameter S = d 2 ), was weak. However, when the interaction becomes stronger, and thus the time scale of the coupling between the electronic TLS and the phonon is shortened, the dynamics of the J-C system coupled to the vibrational mode are no longer separable as a slow vibrational dynamics driven by the fast relaxing reservoir. For large d, we thus cannot apply the description developed in the previous section, and we use full numerical solutions to obtain the response of the system. We show in Figure 4A and B the maps of the incoherent vibrational population for large electron-vibration couplings (A) d = 0 .5 and (B) d = 1 (B) as a function of laser detuning and vibrational frequency. The lines in Figure  4A and B have the same meaning as in Figure 3A and B, indicating the detuning Δ at which the first-order Stokes line (red line) or the incident laser frequency (green line) is tuned to the position of one of the absorption peaks of the J-C system. For d = 0.5 (Figure 4A ), the strongest vibrational pumping appears approximately when both conditions are met and the lines cross, similarly as for low d = 0.1 (Figure 3A and B) . Nonetheless, while for d = 0.1 a single clear peak was observed, two close maxima start to emerge near this optimal condition for d = 0.5. The effect of large electron-vibration coupling is more apparent in the case with d = 1 (Figure 4B ). In this situation, the dependence of the incoherent vibrational population on the vibrational frequency and detuning becomes very complex as it involves the influence of higher-order vibronic transitions.
Next we consider the emission spectra for Figure 4C moderate (d = 0.5) and Figure 4D strong (d = 1) electronvibration coupling when two values of pumping amplitude, ℏℰ = 1 meV and 10 meV, are considered. The spectra for weak electron-vibration coupling (d = 0.1) are shown in Figure 2B . For d = 0.5, the results for both illumination intensities show a clear lower-order Stokes peak at ω = ω L - ω m and a weaker anti-Stokes peak at ω = ω L + ω m . A series of higher-order Stokes peaks is observed at ω = ω L - nω m (with n = 2, 3, 4), much stronger than in the case of the spectra calculated for d = 0.1. Increasing the displacement d of the excited state vibrations naturally leads to larger overlaps among vibrational wave functions belonging to different numbers of vibrational excitations, thus facilitating higher-order Raman transitions that yield intense higher-order Raman peaks. This can be observed most clearly in Figure 4D , where, for d = 1, particularly intense Raman peaks of higher orders emerge on both the Stokes and anti-Stokes sides of the spectra, most notably for ℏℰ ≈ 10 meV.
So far, we have assumed negligible dephasing. This is the case for optimised experiments at low temperature, but for a typical situation at finite temperature, the electronic transition is subjected to a large pure dephasing rate, γ φ , due to interactions with the environment. In molecules decoupled from the plasmonic cavity, pure dephasing introduces a loss of coherence between the states of the TLS but without directly inducing the decay of the excited state [49] . A careful analysis of the microscopic dephasing mechanism shows that when the polaritonic states |N, ±⟩ are formed, the interaction of the system with the originally purely dephasing reservoir leads to novel incoherent mechanisms including the energy transfer from the upper polariton states |N, +⟩ to the lower ones |N, -⟩ within the same manifold [61, 62] . In the following, we again consider that the system is illuminated by a weak laser, and hence only the single-excitation manifold containing the states |1, ±⟩ ≡ | ± ⟩ is important for the description of the inelastic light emission from the polaritons.
We implement the dephasing processes by incorporating the following Lindblad terms in the master equation: 
where σ − −++ = | + ⟩⟨ + | + | -⟩⟨- | and σ −+ = | -⟩⟨ + |. We neglect any further incoherent processes such as the energy transfer from the lower to the upper polariton as we assume that they are less effective [15, 62] . We further set ℏγ −+ = 40 meV whenever we consider ℏγ φ ≠ 0 eV, a rate that leads to relatively strong transfer of populations towards the lower polaritonic state via the vibrational reservoir of the molecule [63, 64] .
To illustrate the effect of dephasing, we start by plotting the absorption, s A (ω) ( Figure 5A) , and emission, s E (ω) ( Figure 5B) , spectra for the bare plasmonexciton J-C system, without vibrations. In both cases, we set ℏℰ = 1 meV, and we show results for ℏγ φ = 0 meV, 10 meV, and 50 meV. For clarity, the spectra are vertically shifted. When the dephasing is increased, we observe a clear broadening of the polariton peaks in the absorption spectrum ( Figure 5A polaritonic peak due to the population transfer given by terms in (23) .
The dephasing-induced broadening also affects the J-C emission spectra s E (ω) shown in Figure 5B for ℏℰ = 1 meV and ℏΔ = 0 eV. When the dephasing is switched on, there appears a strong inelastic contribution to the light emission originating predominantly from the lower polariton branch, as the upper branch is efficiently depopulated by the incoherent energy transfer. Without dephasing, the emission spectrum practically vanishes as the incoherent population of the polaritons is low.
Finally, we turn on the interaction between the molecular electronic and vibrational levels and calculate the effect of dephasing on the emission spectra of the complete system. The resulting emission spectra are shown in Figure 5C for the same parameters as the emission spectra of the bare polaritons in Figure 5B and for d = 0.1, ℏω m = 50 meV and ℏg = 100 meV. All of the spectra feature a sharp Stokes-Raman peak at the frequency ω L - ω m , which for ℏγ φ = 10 meV and 50 meV is accompanied by the broad and intense fluorescence background already discussed in Figure 5B . Particularly for ℏγ φ = 50 meV, the background overwhelms the relatively weak SERS signal.
For no dephasing, this background is strongly reduced and becomes negligible in comparison with the Raman peak.
For completeness, we show in Figure 5D the incoherent population of the vibrational level for the same parameter d = 0.1, pumping amplitude ℏℰ = 1 meV, and for ℏγ φ = 10 meV. The results as a function of laser detuning and vibrational frequency can be compared with those in Figure 3A , where we plotted the same results except that we adopted ℏγ φ = 0 eV there. As expected, the most noticeable feature introduced by dephasing is the larger width of the displayed features and the lower populations.
Effect of strong illumination
We now consider the situation where the intensity of the incident laser is strong, while the electron-vibration coupling is assumed to be weak, and in the absence of pure dephasing. An intense laser populates the different manifolds of the J-C ladder and thus leads to nonlinear effects in the resonant SERRS signal that were not considered in our weak-illumination expressions. A full analytical treatment of this situation is very challenging, but we can still gain insight into the vibrational dynamics, assuming the same separation of time scales as discussed before, by inserting the numerically calculated reservoir spectral function J (s) into the expression of the decay and pumping rates (11 and 12) and then using these values in the rate equations of the vibrations (9 and 10) to obtain the steady-state value of the vibrational population (14) . We complement this simplified semianalytical approach by full numerical calculations. For simplicity, we continue using the rotation wave approximation, although for the strongest laser considered, a correction may be necessary. We plot in Figure 6 the incoherent vibrational population as a function of the amplitude ℰ and detuning Δ of the illuminating laser, obtained using the full-numerical ( Figure 6A ) and the semianalytical ( Figure 6B ) approach, and for d = 0.1, ℏω m = 50 meV and ℏg = 100 meV. The excellent agreement between the two supports the assumption that the use of very intense laser illumination does not invalidate the separation of the system into the slowly evolving vibrations and the fast J-C reservoir.
More strikingly, the incoherent population is strongly nonlinear with respect to the intensity, ∝| ℰ | 2 , of the incident laser. For weak illumination, we are in the linear regime, where the incoherent population shows local maxima for two different moderate detunings, as obtained from (14), together with (11), (12) , and (15), analogously to the results in the previous section. The incoherent population of these peaks initially grows when increasing ℰ as more energy is pumped into the system, but for a certain laser intensity, the incoherent population reaches a maximum and starts to decay. We attribute this behaviour to the underlying nonlinearity of the J-C system due to the uneven spacing of the energy levels sketched in Figure 1B .
An intense illumination can also affect very strongly the SERRS spectra measured in an experiment. We study this situation with use of the full-numerical calculations and, as an example, we show the inelastic emission spectra as a function of pumping amplitude ℰ for zero detuning Δ = 0 ( Figure 6C , notice the logarithmic scale). The calculated emission spectra can still be regarded as a combination of the resonance fluorescence background and the Raman lines. For low illumination intensities, the spectra in Figure 6C feature a clear Raman-Stokes peak at emission frequency ω = ω L - ω m with a strength that is significantly stronger than that of the background. One can also distinguish a second-order Stokes peak at ω = ω L - 2ω m and the anti-Stokes peak at ω = ω L + ω m . As the intensity of the laser is increased, but still sufficiently small, the strength of both the background and Raman peaks increases, with the latter remaining clearly visible. In contrast, for very large laser intensities ℏℰ  100 meV, the amplitude of the Raman peaks is reduced, and the spectrum is fully dominated by the background. The laser intensity also affects the spectral shape of the background. For example, the two broad background peaks in Figure 6C for ℏℰ = 1 meV become a single broad flat feature for ℏℰ = 48 meV. Therefore, the laser intensity does not simply scale the emission spectra by a frequencyindependent factor, but it changes the overall spectral shape and affects the relative weights of the Raman lines and the background.
Finally, we highlight in Figure 6D the nonlinear dependence of the maximum of the SERS signal on the incident laser amplitude by plotting the background-free maxima of the Raman-Stokes (blue line) and anti-Stokes (green line) lines. The background that we subtract from the total signal corresponds to the inelastic emission spectrum of the J-C system uncoupled from the vibrational modes. The results show that the intensity dependence of the Stokes and anti-Stokes amplitude resembles the result for the incoherent vibrational populations ( Figure 6A and B) , with a broad maximum that peaks at an optimal pumping amplitude ℰ. Interestingly, the optimal illumination-field amplitude is different for the Stokes and the anti-Stokes lines. The maximum of the anti-Stokes line appears at roughly the pumping amplitude ℏℰ ≈ 70 meV, while the Stokes emission peaks are maximised at lower powers ℏℰ ≈ 45 meV.
We notice that such illumination strengths correspond to very intense lasers that can destroy the sample [the sample damage threshold estimated in [5] W = 10 2 μW/μm 2 (W ∝ ℰ 2 ), can be roughly expressed in terms of the pumping amplitude as ℏℰ ≈ 10 meV] and may require pulsed illumination [19] . Further, for such strong lasers, a more rigorous calculation will require going beyond the rotating-wave approximation used in this article, and other effects (anharmoniticies of the vibrations, excitation of other electronic states) can become important.
Outlook and conclusions
We have studied the resonant SERS process for a system where the molecular exciton is strongly coupled to a single plasmonic mode, forming thus a set of polaritons that interact with a vibrational mode of the same molecule. To bring insight into the underlying physical mechanisms behind this inelastic process in this system, we have first developed an intuitive analytical description of the vibrational pumping and associated Raman scattering for weak-illumination conditions ℰ, weak electron-phonon coupling, and no pure dephasing. The analytical results match the full numerical calculations very well and allow for a simple interpretation of the vibrational pumping mechanism as a two-step process that is similar to the mechanism discussed for nonresonant SERS [16] [17] [18] 58] and SERRS in the weak-coupling regime [28] but for a more complex reservoir. In the first step, the amplitude of incident light excites a coherent population of the electronic state in the molecule. In a second step, the Raman-Stokes excitation is spontaneously transferred into the J-C system formed by the coupling of the plasmon and the electronic TLS. This excitation is then either absorbed or re-emitted into the far field.
We have also studied more complex situations. We first considered the influence of two intrinsic parameters of the system, namely, the electron-phonon coupling, S = d 2 , and the pure dephasing, γ φ . Larger values of d promote higher-order vibrational transitions and generally increase the interaction strength between the electronic and vibrational states of the molecule, leading to the breakdown of the simple reservoir-system picture introduced for small d and to the emergence of higherorder Raman peaks in the emission spectra. On the other hand, pure dephasing reduces the efficiency of vibrational pumping, leading to smaller final incoherent vibrational populations, and thus diminishes the intensity of vibrational Raman peaks in the inelastic emission spectra. Dephasing also significantly broadens and enhances the fluorescence background. As a consequence of the weaker lines and stronger background, the visibility of the Raman lines becomes considerably smaller, which complicates the realisation of SERRS experiments.
Last, we have addressed the effect of increasing the intensity of the illumination. We have shown that the interpretation of the SERRS process as a two-step enhancement process as described above remains valid, but the system becomes strongly nonlinear due to the nonhomogeneous separation of the polaritonic levels of the J-C system (J-C ladder). The strong nonlinear response of the two-level transition likely stands behind the counterintuitive finding of a maximum of the incoherent vibrational population and SERRS signal for a particular value of the pumping laser amplitude.
